Surface-charge algebra associated with BMS4 symmetry on the null infinity of asymptotically flat spacetime is studied via the Hamiltonian framework. A coordinate system, where boundaries of constant-time hypersurfaces cross the null infinity, is adopted. The equation itself which determines the variation of the surface charges turns out the same as that previously obtained via the covariant framework by Barnich and Troessaert, and is non-integrable for general radiation field CAB. However, if CAB is independent of retarded time u, the variation equation is integrable and the conserved surface charges generate BMS4 algebra without central extension.
Introduction
Minkowski spacetime has Poincaré group as an isometry. When the geometry fluctuates, then there is, in general, no exact isometry. It turns out, however, that when the metric tensor satisfies a certain appropriate asymptotic conditions, spacetime has an asymptotic symmetry. At spatial infinity, there is asymptotic Poincaré symmetry. At null infinity the asymptotic symmetry is enhanced, and ordinary global translations are extended to local translation (supertranslation) in the retarded time u. The resulting asymptotic symmetry group, which is composed of supertranslation and Lorentz group, is called BMS 4 group. [1] [2] In general relativity, conserved quantities such as Hamiltonian and angular momentum are represented as surface charges. [3] [4] Energy and angular momentum of asymptotically flat spacetime at spatial infinity were represented as surface integrals. [6] In 3 dimensional asymptotically anti-de Sitter spacetime, there is asymptotic infinite-dimensional conformal symmetry at the infinite boundary, and there exist associated surface charges at the boundary. The Dirac bracket algebra of these charges (direct sum of two Virasoro algebras) was derived in the Hamiltonian framework. [4] On the null infinity of asymptotically flat spacetime, energy, momentum and angular momentum are not conserved due to non-vanishing fluxes via gravitational radiation. Difficulty was recognized in defining surface charges associated with these non-conserved quantities on the null infinity. [9] It was argued that Hamiltonian framework is not applicable for defining surface charges corresponding to non-conserved quantities at null infinity, and that extra terms must be added to the variation equation for surface charges. By using covariant framework, such an extra term was proposed in [9] . It was, however, not addressed in [9] whether the surface charges correctly generate the Dirac bracket algebra of BMS 4 symmetry.
In [10] Barnich and Troessaert carried out calculation of the Dirac bracket algebra of the extended BMS 4 by using covariant Lagrangian framework [13] . The extended BMS 4 group contains an infinite dimensional extension of the Lorentz group (superrotation), which may have singularities on the S 2 at null infinity. [14] [15] [17] [18] In [10] it was shown that the variation equation for the surface charges Q is not integrable, and the Dirac bracket algebra of extended BMS 4 [10] at the null infinity was proposed by defining the algebra of the 'integrable part' of the surface charges by modifying the non-integrable variation / δQ.
An interesting proposal on algebra was made and it was shown that there appear central extensions which depend on the gravitational radiation field C AB on the null infinity. This proposal has not been justified.
In the analysis via the covariant framework, however, the variation equation for the surface charges is still not integrable with the above modification of / δQ, and the following questions arise. Is it possible to obtain the surface charges and their algebra in the Hamiltonian framework? Is the variation equation also non-integrable? The purpose of this paper is to show that the algebra of BMS 4 group at null infinity can be also studied via Hamiltonian framework, and to reconsider the algebra of surface charges. For this purpose we adopt a coordinate system, where boundaries of constant-time hypersurfaces cross the null infinity.
The surface charges are obtained as the boundary terms which must be added to the Hamiltonian in order to make the calculation of the Poisson bracket of Hamiltonians well-defined, even if partial integrations are required[3] [4] . The variation of the surface charge, δQ, is uniquely determined and this defines the Dirac bracket algebra of the surface charges as
In this paper, the constraint equation which determines the variation of the surface charges δQ is obtained and found to be the same as the result [10] in the covariant framework. 
2 ) this is defined by a limit r → ∞ with fixed time t. The other is a null infinity I [7] . In coordinates,
where u = t − r is a retarded time, it is defined by an unphysical metric obtained by a conformal rescaling with Ω = r −1 .
This metricg µν = Ω 2 g µν is regular and non-degenerate at infinity Ω = 0, and defines differential and topological structures of I. Locally, Minkowski space can be represented as foliations of Euclidean Anti-de Sitter spaces (EAdS) and de Sitter spaces (dS). [12] These foliations are defined (in the case of EAdS) by
With a parametrization
we obtain the metric inside the future (τ > 0) and the past (τ < 0) regions of the lightcone put at some vertex (origin).
A hypersurface Σ τ with constant τ is EAdS in global coordinates.
In the spacelike region outside the lightcone put at the origin we have a metric
This metric corresponds to a foliation in terms of dS hypersurfaces −X In coordinates {u, r, θ, ϕ}, null infinity I + is reached by taking limit r → +∞ with u = t − r fixed. The retarded time u ranges over −∞ < u < ∞. In coordinates {τ, ρ, θ, ϕ}, however, I + is defined by ρ → ∞ with u = τ e −ρ fixed. In the forward lightcone time τ is positive, and only half u > 0 of I + is covered. Hence u = 0 is a horizon in the local coordinates. The advantage of the coordinates (2.5) over (2.2) is that constant-time hypersurfaces Σ τ cross at infinite boundary (ρ → +∞) with I. Hence the Hamiltonian framework can be used to study asymptotic symmetry algebra at I.
Symmetry of asymptotically-flat space in Bondi frame
Asymptotically flat spacetime in Bondi frame [1] 2 has the following line element represented in the form of 1/r expansions.
Here A, B = z,z and x z ≡ z, xz ≡z are complex coordinates for round S 2 . It has standard metric, h zz = 2/(1 + zz) 2 , h zz ≡ hzz = 0. Fields m, β, U A , W A , C AB , H AB are functions of u, z andz. C AB is traceless (C zz = 0). These functions are determined by solving Einstein
.
Here dot means a derivative with respect to u. Indices A, B... There is also a u-flow equation for m 1 , which is not presented here.
Function β is gauge-fixed in several ways in the literature. 3 For instance, a gauge β = 0 is chosen in the null tetrad formalism [11] . Another gauge
It can be shown that gauge condition such as
where λ is a constant, cannot be preserved under BMS 4 group except for a value λ = −1/16.
That is, gauge fixing (3.8) generally breaks BMS 4 group. This will be shown at the end of this section. For this reason β will not be fixed in this paper. The eqs of motion (3.3)-(3.7)
Asymptotically flat spacetime has BMS 4 group as asymptotic symmetry. This is composed of a group of (i) supertranslation and that of (ii) superrotation. Supertranslation (i)
is a group of local translation in retarded time u. The corresponding asymptotic Killing vector ξ µ is given by [2] [10]
Here f = f (z,z) is a scalar function on a sphere. Subleading terms (· · · ) are suppressed here.
Superrotation (ii) corresponds to extension of Lorentz transformation in Minkowski space
and has an asymptotic Killing vector, [2] 
Here ζ z = ζ z (z) is a polynomial of z up to quadratic order. There is also a similar transformation with a parameter function ζz = ζz(z). Then one obtains a direct product of two Virasoro groups. In this paper we will consider this extended symmetry group, and call it simply BMS 4 group. Starting from (3.2), these transformations preserve the following asymptotic flatness condition.
17)
The function β is the subleading term of (3.18): g ur = −1 − β r 2 + · · · . Under BMS 4 group, g ur transforms as δ ξ g ur = ∇ u ξ r + ∇ r ξ u . This gives a transformation rule of β. In the case of supertranslation,
For superrotation, we have
Only for λ = − and δg zz = 2∇ z ξ z ,
Otherwise, gauge fixing (3.8) with λ = −1/16 cannot be used so that β must be left unfixed.
Asymptotic symmetry in new coordinate system
An asymptotically flat spacetime, which is described by coordinates {τ, ρ, z,z} which are deformation of local coordinates (2.5) of Minkowski space, also has asymptotic symmetry.
A coordinate transformation which connects the two metrics in both coordinates {r, u, z,z} and {τ, ρ, z,z} is given by
The line element in coordinates {τ, ρ, z,z} is obtained by substituting (4.1)-(4.2) into (3.2).
We will use a line element obtained from Half of future null infinity I + (u > 0) is reached in the limit r → +∞ with u fixed. This requires a fine-tuned limit in the (τ, ρ) coordinates.
In this way the line element (3.2) will be rearranged into 1/r ∼ e −2ρ expansions, where coefficients are functions of u.
Line element in this frame obtained by the above coordinate transformation is given by
where µ, ν = τ, ρ, z,z and
1 − e −2ρ − 4β
1 − e −2ρ + · · · , (4.5) proportional to u = τ e −ρ and u 2 = τ 2 e −2ρ may be created, by keeping terms which are higher orders in e −ρ .
Under supertranslation, τ and ρ change as
Since δτ is large for finite τ and extremely large ρ, supertranslation is not a symmetry at I for finite τ . However, when τ is taken to infinity at the same time, it becomes an asymptotic isometry. The line element for Minkowski space in the new frame (2.5) changes as follows.
In the case of Bondi frame there is only a single term, −2rD Under superrotation, transformations of τ and ρ are simply, δ τ = O(e −3ρ ), (4.14)
Hence superrotation is an asymptotic symmetry also in this frame. In this case the change of the line element is
5 Surface charge algebra of BMS 4
The surface charges (generators) of BMS 4 group in four dimensions and their algebra have previously been studied via covariant approach in [15] [10] . In this section, this task will be carried out by using the Hamiltonian framework [3] [4] [16] . This is based on Hamiltonian (ADM) formulation of gravity [5] . We choose τ as a time variable and a foliation of the spacetime with τ > 0 into constant-time space-like slices Σ τ . Σ τ has a time-like normal
). Each slice Σ τ is a 3D Euclidean Anti-de Sitter space (EAdS 3 ) and has boundary at ρ = +∞. ρ = 0 is the center of this space. When taking the asymptotic limit ρ → +∞, we need to introduce a large cutoff ρ = ρ ∞ in order to regularize divergences, and we obtain a cylinder with a radius ρ ∞ and a height in the direction of increasing τ . The time-like boundary at ρ = ρ ∞ will be denoted as Σ ρ∞ .
In order to reach a point with positive value of u on I + , τ must also be increased according to (4.3) , as the cutoff is removed, ρ ∞ → +∞. In this case one is forced to approach I + along a null geodesic u = const. 4 This, however, does not imply that canonical formalism on a null hypersurface is considered. Canonical commutation relations are imposed on a spacelike hypersurface Σ τ , and τ, ρ → ∞ limit will be taken afterwords.
Hamiltonian
In ADM decomposition [5] , the spacetime metric is arranged into the form
where a runs over ρ, z,z, and N a = γ ab N b with γ ab being the inverse of γ ab = G ab . In the case of the present solution, the lapse and shift functions N , N a depend on the fields.
3)
Action integral S is given by
The momentum conjugate to γ ab is given by
where K ab is extrinsic curvature of Σ τ :
stands for a covariant derivative with respect to γ ab . On a spacelike surface Σ τ , canonical commutation relations are imposed on γ ab and Π ab . The Hamiltonian is given by
(3) R is the Ricci scalar constructed from γ ab , and Π = γ ab Π ab .
The generator H[ξ] of the asymptotic symmetry is obtained by replacing N and N a in
where ξ µ = (ξ τ , ξ a ) are equal to (δτ, δρ, δz, δz) in (3.11)-(3.12), (3.15)-(3.16) and (4.11)-(4.15) which correspond to supertranslation ξ µ = (δr, δu, δz, δz), and superrotation reexpressed in {τ, ρ, z,z} coordinates.
Variation equation for surface charges
Transformations of the canonical variables are expressed in terms of Poisson brackets: 
Here S is 2-dim sphere at fixed u and r → ∞. S abcd is defined by
Hamilton's eqs are given as follows.
11) Here δ ξ ′ stands for a variation associated with transformation ξ ′ .
Charge algebra
Same prescription is used in the case of a four-dimensional asymptotically flat space on 
